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Computational Model of Nitrogen Vibrational Relaxation
by Electron Collisions

John D. Mertens*
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Nitrogen vibrational relaxation by electron collisions has been studied by developing a complete
vibrational state-to-state rate coefficient database for electron temperatures of 0.1-5.0 eV. This database
was used to model a wide range of N2-e vibrational relaxation processes by solving and numerically
integrating the master equation with respect to time. These results were used to develop a simple set of
equations that accurately model nitrogen vibrational relaxation by electron collisions for electron
and nitrogen vibrational temperatures ranging from 0.0 to 5.0 eV. The results are presented in the
form of polynomial equations that could be easily incorporated into numerical models of more complex
systems.

Introduction

T HE importance of including accurate descriptions of mo-
lecular vibrational relaxation processes in numerical mod-

els of highly nonequilibrium flowfields has been explained by
many investigators.1'7 For example, the molecular vibrational
temperatures downstream of the shock waves of hypersonic
vehicles play an important role in determining the radiative
heat transfer load of such vehicles. In the cases where flow
conditions result in significant ionization of the gases,
electron-molecule collisions are much more frequent than
molecule-molecule collisions, because of the small mass and
high velocities of the electrons. Free electrons can also travel
through the shock wave and collide with cold molecules up-
stream of the shock wave. Therefore, in these ionized flows,
where there is a significant difference between electron trans-
lational temperatures and molecular vibrational temperatures,
this mechanism of energy transfer must be included in flow-
field models.1'7 The goal of the present work is to determine
the rate of nitrogen vibrational relaxation from electron colli-
sions for any vibrational and electron temperatures, and to use
the results to provide a simple and accurate model of the pro-
cess that will be easily incorporated into numerical models of
nonequilibrium hypersonic flows.

The interactions of electrons and nitrogen molecules have
been considered in many studies.2"9 Four of the studies4"7 that
are particularly relevant to the present work look directly at
vibrational transitions of electronic-ground-state nitrogen as a
result of electron collisions:

N2(X%+, V) + e~ -> N2(X%+, v') + e~ (1)

where the rate of change of the number density of N2 mole-
cules in vibrational state v is given by the master equation:

dNv

dt X v, - kv'
X (2)

m is the maximum vibrational quantum number. The effects
of molecular dissociation on vibrational relaxation are negli-
gible over the range of vibrational temperatures in this study;
hence, dissociation is neglected in Eq. (2).
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Huo et al.4 performed ab initio calculations of N2 cross sec-
tions for reaction (1) and tabulated state-to-state rate coeffi-
cients (£V,V0 for electron temperatures of 0.1-5.0 eV; initial
vibrational quantum numbers of v = 0-12; and changes in
vibrational states (Av = v' — v) of —5 to +5, for N2 rotational
quantum numbers of / = 0, 50, and 150. Huo et al.'s work4

expanded and corrected previous compilations that were de-
rived from experimental measurements with a factor-of-2 error.
With the corrections, the results of Huo et al. are in very good
agreement with available experimental results.

Lee5'6 performed two studies of nitrogen vibrational relaxa-
tion by electron impact. In the 1986 study,5 approximate values
of N2 cross sections for reaction (1) were computed using a
semiempirical method and an approximate potential function.5

Values of kVtV> were tabulated for vibrational transitions from
the ground state (v = 0) to final states of v' = 1 to 10 at electron
temperatures of 0.1-5.0 eV. Lee then used these rate coeffi-
cients and an analytical method involving the diffusion model10

to obtain the time variation of total nitrogen vibrational energy
per unit volume for fixed electron temperatures. These solu-
tions were used to determine a defined nitrogen vibrational
relaxation time for electron temperatures between 0.1 and 5.0
eV. This analysis relied on several major simplifications and
assumptions that would make the results very approximate.5'10

The results of Lee's 1992 vibrational relaxation study6 were
much improved, and only the 1992 results will be presented
here for comparison and discussion.

In the 1992 study, Lee6 employed an approximate compu-
tational solution of the master equation for reaction (1) to de-
termine instantaneous N2 vibrational relaxation times for vi-
brational temperatures of Tv = 0.1-0.5 eV and electron
temperatures of Te = 0.1-5.0 eV. A harmonic oscillator model
and Boltzmann vibrational level distributions were assumed to
calculate both £v and E*. Ev is the total N2 vibrational energy
per unit volume at Tv. E* is the total N2 vibrational energy per
unit volume that would be present if the vibrational tempera-
ture reached equilibrium with a fixed electron temperature, i.e.,
Tv = Te. The rate coefficient database of Huo et al.4 for initial
vibrational quantum numbers of v = 0-12, a rotational quan-
tum number of J = 50, and vibrational transitions of Av = —5
to +5 was extended to include vibrational transitions of up to
Av = ±10, using an Arrhenius curve fit.6 Lee6 then considered
only transitions between the 0 through 12 vibrational quantum
levels, i.e., v = 0-12 and v' = 0-12, with Av up to ±10, to
compute approximate values of dEv/dt using the master equa-
tion and harmonic oscillator vibrational energy levels for fixed
values of Tv and Te. Instantaneous vibrational relaxation times
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were then calculated as functions of Tv and Te using the equa-
tion

(£v* - Ev)
dJE\
dt)

(3)

Results for per (atm-s, where pe is electron pressure) were
plotted for vibrational temperatures of 0.1-0.5 eV and electron
temperatures of 0.1-5.0 eV. However, the accuracy of these
results decreases rapidly as electron and vibrational tempera-
tures increase as a result of two factors: as Te and TY increase,
transitions to vibrational quantum levels above v' = 12 become
significant, and the use of the harmonic oscillator model to
compute E* becomes highly inaccurate at high electron tem-
peratures. Similar problems would also develop if this tech-
nique were to be used to calculate relaxation times for vibra-
tional temperatures above 0.5 eV, as initial vibrational quantum
levels above v = 12 would become populated.

Hansen7 developed nitrogen vibrational relaxation times for
reaction (1) using essentially the same technique as Lee.6 Han-
sen used the rate coefficients of Lee5 to expand the rate co-
efficient database of Huo et al.4 to include transitions of Av up
to +7. Hansen then used these rate coefficients and harmonic-
oscillator-model vibrational energy levels to calculate relaxa-
tion times defined by Eq. (3) for electron temperatures of 0.3
-5.0 eV. Although not stated explicitly, Hansen's results are
apparently for vibrational-ground-state nitrogen (Tv « 0). As
expected, Hansen's results agree well with Lee.6 They also
have the same inaccuracy at high electron temperatures be-
cause of the use of the harmonic oscillator model to compute
Ev*.

Methodology of the Current Study
In the present study, the rate coefficient database of Huo et

al.4 for / = 50 was expanded to include all transitions between
vibrational quantum levels 0-50 for electron temperatures of
0.1-5.0 eV, using empirical and curve-fitting methods that are
described next. Dissociation was not considered. These rate
coefficients were used to calculate time histories of all N2-
vibrational-level populations for a wide variety of conditions
by integrating the master equation numerically:

Nv(t = A W O + ^ X Af (4)

Nitrogen vibrational energy levels from Huber and Herz-
berg11 were used to compute N2 partition functions and initial
Boltzmann vibrational level distributions. Time-step values

were computed for each run using Eq. (5):

Af =

dt

X 10" (5)

NM is the total nitrogen number density. Reducing the arbitrary
time-step multiplying factor in Eq. (5) below 10~3 did not
make any significant difference in the resolution of the cal-
culations.

This technique can be used to determine time histories of
nitrogen-vibrational-level populations for any initial nitrogen-
vibrational-level distribution and any prescribed time histories
of electron temperature, electron number density, or total ni-
trogen number density. This is demonstrated in Fig. 1, in which
a total energy balance is assumed, i.e., any energy transfer to
or from N2 vibrations is removed or added to total electron
translational energy, for fixed electron and nitrogen number
densities, and electron and vibrational temperatures are al-
lowed to change. (Figure 1 will be discussed further in the
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Fig. 1 Computed results for N2-e vibrational relaxation with
overall energy balance. Initial temperature: Te = 5.0 eV, Tv = 0.1
eV, NM = 1.0 x 102l/cm3, and Ne = 3.0 X 1020/cm3. ——, complete
rate constant database; - - -, Eqs. (11-13); •-•- , Eqs. (11-14);
and • • •, Lee.6

Vibrational Relaxation Results section.) However, this com-
putational technique utilizes a large rate constant database and
requires significant computational time. The goal of the present
study is to use this technique to determine instantaneous vi-
brational relaxation times as defined by Eq. (3) for all electron
and vibrational temperatures and to consolidate the results into
a simple set of equations. These results can be used to deter-
mine the relaxation of any N2-e system using a relatively sim-
ple computational method.

These values of instantaneous vibrational relaxation times
were determined by performing calculations with electron tem-
perature, electron number density, and total nitrogen number
density held constant for each computational run. Ev was cal-
culated at each time step by summing the vibrational energy
per unit volume of each vibrational quantum level using nitro-
gen vibrational energy levels s(v) from Huber and Herzberg11:

x (6)

E* was calculated using Eq. (6) and Boltzmann vibrational
level distributions at the fixed electron temperature. dEvldt was
calculated at each time step by summing the rate of change of
vibrational energy per unit volume of each vibrational quantum
level using the master equation:

dEv

dt '' dt (7)

Instantaneous values of Ner were calculated by multiplying
both sides of Eq. (3) by electron number density:

(Ev* - Ev)
dE,
dt

(8)

It can be seen from examining Eqs. (2-8) that Ner is in-
dependent of total nitrogen number density and electron num-
ber density during each run, and that it is only a function of
Te and the instantaneous relative population distribution of the
vibrational quantum levels. This makes it possible to determine
values of Ner for all vibrational and electron temperatures by
performing runs at fixed electron temperatures of 0.1-5.0 eV
at 0.1 eV increments.

Effective nitrogen vibrational temperatures were determined
during each run by comparing the instantaneous value of Ev
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to the vibrational energy that would result from an equivalent
Boltzmann vibrational temperature. Values of Ner were deter-
mined over the course of each run at effective vibrational tem-
perature increments of 0.1 eV. Each run was begun with an
initial vibrational temperature of 0.0 eV, and was halted when
values of Ev were within 1% of £*. Calculational runs were
performed for fixed electron temperatures ranging from 0.1 to
5.0 eV at increments of 0.1 eV. This provided values of Ner
for temperature ranges of 0.1 eV < Te < 5.0 eV, and 0.0 eV
<TV< Te.

This same technique for computing instantaneous vibra-
tional relaxation times [Eqs. (1-8)] was also used to determine
Ner as a function of Tv and Te by simply assuming instanta-
neous Boltzmann vibrational level distributions at any value
of Tv. This will be discussed further in the Vibrational Relax-
ation Results section.

Expansion of Rate Coefficient Database
Each table of rate coefficients from Huo et al.4 for J = 50,

and a particular electron temperature was expanded to include
all transitions between vibrational quantum levels 0-50, using
a series of three steps.

Step 1
Huo et al.'s4 rate coefficients for N2 excitation transitions

with the same Av but different initial quantum levels were used
to calculate the rate coefficients for all transitions with that
value of Av. An Arrhenius rate coefficient expression was used
to compute the pre-exponential constant AVtV> for each of Huo
et al.'s4 rate coefficients:

v,v, = Av,v. exp{|Xv) - e(v')]/kTe] (9)

These values of Avy were curve fit as a function of v for
transitions with a particular Av, and used to project the value
of AVtV> for other transitions with the same value of Av. These
values of AViV> were then used in Eq. (9) to calculate &v>v. for
those transitions. Figure 2 shows the results for Av = +1 to
+5 for Te = 3.0 eV

Step 2
Step 1 provided rate coefficients for all transitions with Av

= +1 to +5. These rate coefficients were expanded to include
all Av greater than +5, using a linear curve fit of a semilog
plot of k vs Av for each initial quantum level. Figure 3 shows
the results for initial vibrational quantum numbers of 0, 10,
20, 30, and 40 for Te = 3.0 eV. This technique results in large
uncertainties of k for large values of Av. However, the rate
coefficients for these transitions are small, and play a very

20 30 40 50

initial vibrationai quantum level

Fig. 2 Extension of rate coefficient database for fixed Av at Te =
3.0 eV. O, Huo et al.4; <•>, this work; A, Av = +1; B, Av = +2; C,
Av = +3; D, Av = +4; E, Av = +5; and - - -, limits that were
used in uncertainty analysis.

10"17

20 30 40 50

final vibrational quantum level

Fig. 3 Extension of excitation rate coefficient database for fixed
initial vibrational quantum numbers at Te = 3.0 eV. O, Huo et al.4;
<•>, this work; A, v,n » 0; B, vln - 10; C, vln » 20; D, v,n - 30; E, vin
«• 40; and - - -, limits that were used in uncertainty analysis.
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Fig. 4 De-excitation rate coefficients at Te = 3.0 eV. O, Huo et
al.4; 0, this work; A, vin = 10; B, vin - 20; C, vin = 30; D, vin = 40;
E, vin = 50; and - - -, limits that were used in uncertainty analysis.

small role in the calculations. This is discussed in more detail
in the uncertainty analysis of the results.

Step 3
Steps 1 and 2 provided values of k for all N2 excitation

transitions, at each electron temperature. These excitation rate
coefficients were used to calculate values of all de-excitation
rate coefficients that were not included in the database of Huo
et al.4 using detailed balancing1:

X (10)

Values of N* and N*> were calculated using Boltzmann vi-
brational temperature distributions at the electron temperatures.
Figure 4 shows de-excitation rate coefficients for initial vi-
brational quantum numbers of 10, 20, 30, 40, and 50 for Te =
3.0 eV.

This three-step method was used to expand the rate coeffi-
cient database of Huo et al.4 at each electron temperature (Te
- 0.1-5.0 eV at 0.1 eV increments), resulting in a 51 X 51
X 50 three-dimensional array of rate coefficients: £v,v< (v = 0

50, v' = 0-50, Te = 0.1-5.0 eV).

Vibrational Relaxation Results
Figure 5 shows sample results of nitrogen vibrational exci-

tation used to determine Ner at five fixed electron temperatures
ranging from 1.0 to 5.0 eV. Time histories of effective vibra-
tional temperature are shown as a function of Ne X t (electron
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Fig. 5 Computed results for nitrogen vibrational relaxation for
fixed electron temperatures. A, Te = 1.0 eV; B, Te = 2.0 eV; C, Te
= 3.0 eV; D, T. = 4.0 eV; and E, Te = 5.0 eV. ——, complete rate
constant database; - --, (C, D, and E only) Eqs. (11-13); •-•- ,
Eqs. (11-14); and , (D and E only) Lee.6

number density multiplied by time), which results in curves
that are independent of electron number density. It should be
noted that Ne X t is a measure of elapsed or reaction time, and
is a completely different quantity from Ner, which is a measure
of relaxation rate, as defined by Eq. (8). The curves of effective
vibrational temperature are also independent of total nitrogen
number density, which is a result of holding electron temper-
ature, electron number density, and total nitrogen number den-
sity constant during each run, as discussed previously. The
coordinates and slope of each point on the curves can be used
to determine Ner at that value of Te and rv,eff, using Eq. (8).
Figure 6 shows computed instantaneous vibrational population
distributions for the case of Te = 3.0 eV at four effective vi-
brational temperatures, and compares them with Boltzmann
population distributions. This shows that, as the relaxation pro-
cess proceeds, a middle range of vibrational levels becomes
populated above Boltzmann levels, whereas the upper vibra-
tional levels remain below Boltzmann levels until very late in
the relaxation process. Figure 6 also shows that eventually this
bubble effect smooths out and a Boltzmann distribution at Tv
= Te is reached. This phenomenon is due to the fact that, for
a given Te and Av, Huo et al.'s4 results show that the ratio of
an excitation rate coefficient with a lower initial vibrational
level (v = 0-2) and an excitation rate coefficient with a higher
initial vibrational level (v = 3-5) is greater than the ratio of
the Boltzmann populations of the two initial vibrational levels
at Te (see Fig. 2). This is a result of resonant electron impact
at the lower initial vibrational levels.24 This also results in
proportionately larger de-excitation rate coefficients for lower
initial vibrational levels. This results in lower vibrational states
becoming populated more quickly than upper vibrational states
relative to Boltzmann distribution levels, and also delays the
distribution of vibrational energy to the upper levels. This phe-
nomenon persists even when radical changes are made in the
rate coefficient database, and is discussed in more detail in the
uncertainty analysis. It should be noted that the significance of
this effect would decrease in flowfield conditions for which
other vibrational relaxation processes are significant, or in
which electron temperatures are changing rapidly.

Figure 7 shows the results for Ner determined from the pre-
ceding computational runs and from assuming instantaneous
Boltzmann vibrational population distributions, as mentioned
previously. It can be seen that the deviation from Boltzmann
distributions during the relaxation process for fixed electron
temperatures results in significantly larger relaxation times for
effective vibrational temperatures above 1.0 eV. This is a result
of the bubble effect at higher effective vibrational temperatures
delaying energy transfer to higher vibrational quantum levels

ID'2

10'3
10 20 30

vibraticnal quantum level
40 50

Fig. 6 Vibrational quantum level population distributions at var-
ious effective vibrational temperatures for case C of Fig. 5. ——:
A, rv,eff = 0.1 eV; B, Tv^ff = 1.0 eV; C, rv,eff == 2.0 eV; and D, T9tM
- 2.9 eV. - - -, Boltzmann population distributions at equivalent
vibrational temperatures.

1010

10a

108

10
103 104

Electron Temperature, T , K
105

Fig. 7 Instantaneous nitrogen vibrational relaxation times as a
function of electron and nitrogen vibrational temperatures. ——,
this work; A, Tv = T9tttt = 0.0 eV; B, Tv = TV9tt - 1.0 eV; C, Tv =
2.0 eV; D, Tv = 3.0 eV; E, Tv = 4.0 eV; F, r,,eff = 2.0 eV; G, Tv,efr =
3,0 eV; and H, rv>eff = 4.0 eV. - - -, results of Lee6; and •'-•-,
results of Hansen.7

and reducing the instantaneous value of dEv/dt in Eq. (8). This
effect generates two different sets of results for instantaneous
vibrational relaxation: Ner as a function of electron temperature
and Boltzmann vibrational temperature, and Ner as a function
of electron temperature and effective vibrational temperature
during a relaxation process with fixed Te starting at Tv = 0.0 eV.
Least-squares polynomial fits to these two sets of results are
given next, with a maximum deviation of ±3% from the results.

1) For Boltzmann vibrational temperatures (also for Tv,eff ^
12,000 K),

Ner=4.12 X 1027-775 - 3.32 X IQ24-T~4

+ 9.33 X 1020-773 - 1.16 X 1017-772

+ 6.2 X 10l2-77!, s/cm3, 2300 K < Te < 10,400 K
(11)

NeT= 8.97 X 107 - 2190 -Te + 0.328 -T2
e

- 2.06 X 10~6-73, s/cm3, 10,400 K < Te 58,000 K
(12)

where Eqs. (11) and (12) should be multiplied by

(i + 6.63 x io~5-rv - 4.82 x io-10-r2)
for Tv < Te.

(13)
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2) For effective vibrational temperatures: Results for effec-
tive vibrational temperatures below 12,000 K are fit by Eqs.
(11-13). Results for effective vibrational temperatures above
12,000 K are fit by Eq. (14):

Ner= (4.8 X 108 + 1.37 X 104-7; - 8.52 X I0~2-T2
e

+ 9.57 X 10-6-7t) X (-6.65 X 10~2

+ 5.52 X 10~5-rv,eff - 3.18 X 10~10-r^eff), s/cm3

12,000 K < rveff < 46,400 K, rveff < Te < 58,000 K
(14)

Figure 7 also shows that the simple models of Lee6 and
Hansen7 provide good agreement with the present study for Tv
= 0.0 eV. Their results are slightly lower for electron temper-
atures below 4.5 eV, as their use of the harmonic oscillator
model resulted in lower values for E*. However, this is coun-
teracted by limiting the range of allowed transitions, which
results in lower values of dEv/dt. This latter effect becomes
more important at higher electron temperatures, and eventually
produces slightly higher results for electron temperatures
above 4.5 eV.

Equations (11-14) can be used to determine the rate of
change of nitrogen vibrational energy caused by electron col-
lisions at any instant in time in any system using Eq. (8). For
vibrational temperatures above 1.0 eV, it would be the respon-
sibility of the user to determine which solution set is most
appropriate for a particular system. The author suggests using
Eq. (14) for conditions in which the vibrational relaxation pro-
cess is dominated by collisions with electrons that originate
from an outside source, such as the case of electrons passing
through a shock wave and interacting with unheated air.

Figures 1 and 5 show comparisons between vibrational re-
laxation results using the complete rate constant database, the
results of Eqs. (11-14) to compute Ev(f) using Eq. (8), and
the results of Lee6 to compute Ev(f) using Eq. (8). Figure 1
shows that the results using Ner for Boltzmann vibrational pop-
ulation distributions provide excellent agreement with the re-
sults of the complete rate constant database for an energy bal-
ance system. Figure 5 shows that the results using Ner for
effective vibrational temperatures provide excellent agreement
with the results of the complete rate constant database for fixed
electron temperatures. The results of Lee6 overpredict the ni-
trogen relaxation rates in both cases, as they only provide val-
ues of Ner determined for very low vibrational temperatures.
In all cases, using Eqs. (11-14) to perform the calculations
uses less than 10~4 of the computation time and less than one-
twentieth of the computer memory required when using the
complete rate constant database.

Uncertainty Analysis
As mentioned previously, expansion of the rate coefficient

database results in large uncertainties in the rate coefficients
of some transitions. Computational runs were performed for a
variety of very liberal upper and lower bounds on the rate
coefficient database to determine the sensitivity of the results
for Ner to these uncertainties. Table 1 compares the results for
Te = 3.0 eV and rv,eff = 0.5 and 2.5 eV for five different da-
tabases, including the database used in the current study. Da-
tabase A tests the effects of assuming a constant value for the
rate constants determined in step 1 of the database expansion.
This is a maximum upper limit on these rate constant values,
as shown by the dashed lines in Fig. 2, resulting in as much
as a factor of 3 uncertainty in values of the higher vibrational
level rate coefficients. The effects of this assumed upper limit
in steps 2 and 3 of the database expansion are shown by the
dashed lines in Fig. 3 and 4. Databases B, C, and D examine
the effects of limiting the values of Av that are allowed in step
2 of the database expansion. This also limits the de-excitation
transitions that are allowed in step 3 of the database expansion.

Table 1 Sensitivity of nitrogen vibrational relaxation
to changes in rate coefficient database

_________for electron temperature of 3.0 eV

Rate 7t,eff = 0.5 eV TVtttf = 2.5 eV
coefficient —__————______— ——————————————
database Net, s/cm3 Ner, s/cm3 Net, s/cm3 Ner, s/cm3

Current study 4.8 X 107 4.25 X 108 2.1 X 109 1.6 X 109

A 4.8 X 107 4.25 X 108 1.8 X 109 1.2 X 109

B 4.85 X 107 4.35 X 108 2.45 X 109 2.0 X 109

C 5.05 X 107 4.55 X 108 3.2 X 109 2.6 X 109

D 6.75 X 107 6.6 X 108 7.3 X 109 6.0 X 109

Databases B, C, and D limit the maximum values of Av to
±15, ±10, and ±5, respectively. In other words, database B
results in rate coefficients equal to zero for all transitions with
|Av| greater than 15. This was considered the lower limit on
the rate constants determined in steps 2 and 3. Databases C
and D were included for additional sensitivity information.

Table 1 shows that the changes in the database did affect
relaxation times and the time it took to reach rVieff, particularly
as T^eff approaches Te. However, the population distributions
at any given effective vibrational temperature were essentially
identical for all five databases. This confirms that the bubble
effect is not an artifact of the rate coefficient database expan-
sion techniques.

Combining the results for databases A and B shown in Table
1, with the independent uncertainties of ±10% reported by
Huo et al.4 for their results, provides a recommended total
uncertainty in the results for Ner of ± 14% for low values of
7v,eff, rising to ±27% as rv,eff reaches within 0.5 eV of Te.
These uncertainties also apply to the results assuming Boltz-
mann vibrational temperatures given by Eqs. (11-13).

Conclusions
The current study has developed results for nitrogen vibra-

tional relaxation by electron collisions over a wide range of
electron and nitrogen vibrational temperatures using a com-
plete vibrational state-to-state rate coefficient database. The re-
sults show that vibrational population distributions deviate sig-
nificantly from Boltzmann distributions during relaxation
processes with fixed electron temperatures, but ultimately
reach a Boltzmann distribution when reaching equilibrium.
Quantitative results for instantaneous vibrational relaxation
times were determined as functions of electron and nitrogen
vibrational temperatures, and the results are presented in the
form of polynomial equations that could be easily incorporated
into numerical models of more complex systems. These equa-
tions make it possible to accurately model nitrogen vibrational
relaxation by electron collisions using less than 10~4 of the
computation time and less than one-twentieth of the computer
memory required using the complete master equation.
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